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Abstract. We consider a generalised Burgers equation 

2 u 



du , du 
dt +f{u) dx 



dx 2 



0, t > 0, x G S\ 



where / is strongly convex and ^ is small and positive. 

Under mild assumptions on the initial condition, we obtain sharp estimates for small- 
scale quantities. In particular, upper and lower bounds differ only by a multiplicative 
constant. The quantities which we estimate are the dissipation length scale and averages 
for structure functions and the energy spectrum for solutions u, which characterise the 
"Burgulence" . Our proof uses a quantitative version of arguments contained in |Aurell,| 
Frisch, Lutsko & Vergassola (1992). Our estimates remain true for the inviscid Burgers 



equation. 
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1. Introduction 

The Burgers equation 



du du 
dt dx 



d 2 u 
dx 2 



0, 



(1.1) 



where v > is a constant, appears in many fields of physics and other branches of sci- 
see the review articles |Bec & Frisch (20011; Bee & Khanin (20071 and references 



enecs: 



therein; see also Florin (1948). 



More importantly for us, this equation is, in some way, the most natural one- 
dimensional model for the Navier-Stokes system, since both equations have similar non- 



linearities and dissipative terms. Despite the fact that the equation ( 1.1 ) can be integrated 



explicitly using the Hopf-Cole transformation, for v <C 1, its solutions display non-trivial 



small-scale behaviour, often referred to as Burgers turbulence or "Burgulence" ( Burgers 
19741 |Chorin||i"975l |Kida][l979]) . The language of Kolmo gorov 1941 theory ( Kolmogorov| 
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1941 g|b|c I is traditionally used to describe this behaviour. 



Heuristically, it is clear that those solutions display smooth ramps and sharp cliffs 



(Bee & Frisch 2001 Bee & Khanin 20071, which in the limit v — > correspond to 



the N-wave behaviour: see for instance Evans (2008 1 . This is a clear manifestation of 



small-scale intermittency in space. More precisely, we have the following features for a 
solution u taken at fixed time t: 
• Amplitude of the solution: ~ 1. 



Number of cliffs: ~ 1. 



"Height" of a cliff: 



• "Width" of a cliff: 



After calculating the Fourier transform of an A-wave, it is natural to conject ure that 
for a certain range of k energy-type quant ities ^Mfcl 2 behave, in average, as k~ 2 (Chorin 
1975} |Fournier fc Frisch|[l983l p6cla|[l979l |Kraichnan|[l968l ) 



In the physical space, the natural analogues of small-scale quantities ^ lufcl 2 are the 
structure functions 



S p (£) 



(u(x + £) - u(x)) p dx. 



For p > 0, the description above implies that for v <C I <C 1, these quantities behave as 
|max(i,p). ^ n othgj. words, we have a bifractal behaviour dFrisch||l995j Chapter 8). Indeed, 
there are three possibilities for the interval [x,x + £]: 

• [x, x + £] covers a large part of a "cliff" . 

Probability ~ CI. u(x +£) - u(x) = -C + C£ = -C. \u{x + 1) - u(x)\ p ~ 1. 

cliff ramps 

• [x, x + £] covers a small part of a "cliff" . 
Contribution of this term is negligible. 



• [x, x + 1] does not intersect a "cliff" . 
Probability ~l-C£. u(x + 1) - u(x) = CI 



\u(x + £) -u{x)\ p ~e p . 



ramp 
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Thus, S p {e) ~ C(p)(£ + £P) 



l p , < p < 1. 

p> 1. 

In this paper, we consider a generalised one-dimensional space- 
periodic Burgers equation 



^ d f( u ) 
dt 



d 2 u 



dx dx 2 

with / C°°-sniooth and strongly convex, i.e. satisfying 

f"(y)>a>0, yeM 



0, x e S 1 = E/Z 



(1.2) 



(1.3) 



The classical Burgers equation (1.1 1 corresponds to f(u) 
consider solutions with zero space average for fixed t: 



= u 2 /2. For simplicity, we only 



Si 



u(t, x)dx = 0, yt > 0. 



(1.4) 



Estimating small-scale quantities for nonlinear PDEs with small viscosity is motivated 
by the problem of turbulence. This research was initiated by Kuksin, who obtained 



estimates for a large class of equations (see Kuksin ( 1997 1999 ) and references in Kuksin 
( |1999 )). [Biryuk (2001) obtained some estimates for solutions of (1.2 1 which naturally 
depend on the initial data u = u(0, ■), since this equa tion is diss i pative fo r the energy 
J sl u 2 /2 because of the damping term vd 2 u/dx 2 . In 



Boritchev 



(2012a 



we obtain 

similar results which are independent of Uq. However, in both articles we add a rough in 



time and smooth in space random forcing term in the right-hand side of ( 1.2 ) (a "kicked" 
and a white force, respectively). Thus, we change the nature of the equation: the energy 
injection due to the random forcing now balances the dissipation. Note also that in 
E, Khanin, Mazel & Sinai ( |1997 ), the authors obtain similar results for the stationary 
solution in the limit v — > 0, for a forcing of the same type as in Boritchev (20126). 



Our estimates, which confirm the predictions for values of small-scale qualities listed 
above, are very similar to the ones in Biryuk (2001 ) and Boritchev ( 2012a|6 ) and depend 
on the initial data through the constant 

D = maxdwolr 1 ' Kli.oo)- 

The physical meaning of the quantity D is that it yields an upper bound for the ratio 
between the maximal rate of dissipation and the amount of energy initially contained in 
the system. 

After introducing the notation and setup in Section [2j we formulate the main results 
in Section [3j In Section |4j we begin by estimating from above the quantity du/dx. This 
crucial bound allows us to obtain upper bounds, as well as time-averaged lower bounds, 



of Sobolev norms 



Those bounds depend only on / and the constant D. 



In Section [5] we give sharp upper and lower bounds for dissipation length scale, struc- 
ture functions, flatness, and energy spectrum for the flow u(t, x), which hold uniformly 
for v < vo, and we analyse the meaning of these results in terms of the theory of turbu- 
lence. Those bounds and the constant v$ > only depend on / and D. 

These results rigorously justify the previously stated classical predictions for small- 
scale statistical quantities for decaying Burgers turbulence. In Section [6j we show that 
the results in Section[5]still hold in the inviscid limit v — > 0. Many proofs in this paper are 



very similar to the ones in Biryuk (2001) or Boritchev (201261. Accordingly sometimes 



we omit the proof and instead refer the reader to those two papers. 

Note that when studying the typical behaviour of PDEs, one usually considers some 
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averaging in the initial condition. The idea is to avoid pathological cases, since there is 
no random mechanism to get solutions out of "bad" regions. Here, no such averaging is 
actually necessary. This is due to the particular structure of the deterministic Burgers 
equation: an initial condition uq is as "generic" as the ratio between the orders of (uq) x 
and of uq itself, which can be bounded from above using the quantity D. 



2. Notation and Setup 

Agreement: In the whole paper, all functions that we consider are real-valued and, 
since we work on S 1 = R/Z, periodic. 

2.1. Sobolev Spaces 

Consider a zero mean value integrable function v on S 1 . For p € [1, oo), we denote its L p 
norm 



by \v\ . The norm is by definition 

Moo = max|w(a;)|. 

The Li norm is denoted by and (•, •) stands for the L 2 scalar product. From now on 
L p , p 6 [l,oo] denotes the space of zero mean value functions in L p (S 1 ). Similarly, C°° 
is the space of C°°-smooth zero mean value functions on S . 

For a nonnegative integer m and p £ [1, oo], W m ' p stands for the Sobolev space of zero 
mean value functions v on S 1 with finite norm 




v 

I I m,p 



d m v 



dx r - 



In particular, W°' p = L p for p e [l,oo]. For p = 2, we denote W m ' 2 by H m , and 
abbreviate the corresponding norm as |H| m - 

Note that since the length of S* 1 is 1 and the mean value of v vanishes, we have 

Ml < Moo < < |u|l,oo < ' ' ' < Mm,l < |«|m,oo < • • ■ 

We recall a version of the classical Gagliardo-Nircnbcrg inequality: cf. Doering & Gibbon 
( |1995| Appendix). 

Lemma 2.1. For a smooth zero mean value function v on S 1 , 

M/?,r < C \ v f m , P \ v \l~ e > 
where m > (3, and r is defined by 

1 =p-0(m-~) +(1-0)-, 
r V p) q 

under the assumption 6 — j3/m if p = 1 or p = oo, and f3/m < 9 < 1 otherwise. The 
constant C depends on m,p,q, (3,9. 

Subindices t and x, which can be repeated, denote partial differentiation with respect 
to the corresponding variables. We denote by ii( m ) the m-th derivative of v in the variable 
x. The function v(t, •) is abbreviated as v(t). 
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2.2. Preliminaries 



In this paper, we study asymptotical properties of solutions to (1.2 1 for small values of 
v, i.e. we suppose that 

0< v < 1. 



We assume that / is infinitely derivable and satisfies (1.3). We recall that we restrict 
ourselves to the zero space average case, i.e. the initial condition tjq := u(0, •) satisfies 
(1.4). Consequently, u(t) satisfies (1.4) for all t. Finally, we assume that uq € C°°, and 
we denote by D the quantity 

D = maxflttolj; 1 , |«o|i,oo)- (2-1) 

In particular, we assume that we are not in the case 7t = 0, corresponding to the trivial 
solution u(t, x) = 0. Note that D > 1. Moreover, for < m < 1 and 1 < p < oo, we have 



D- 1 < Kk P < D. 



(2.2) 



For the existence, uniqueness, and smoothness of solutions to ( 1.2 1, see for instance Kreiss 



& Lorenz (1989). 



Agreements: From now on, all constants denoted by C with sub- or superindexes are 
strictly positive. Unless otherwise stated, they depend only on / and the constant D. 
By C(ai, . . . , dfc) we denote constants which also depend on parameters oi, . • . , an,. By 

ai,...,a k 

X ^ y we mean that X < C(ai, 



, a,k)Y . The notation X ai '^ ak y stands for 



a\,...,a k a\,...,a k 

Y < X < Y. 

In particular, X < Y and X - Y mean that X < CY and C^Y < X < CY , respec- 
tively. 

All constants are independent of the viscosity v. We denote by u = u(t, x) a solution of 
(1.2) for an initial condition u$. A relation where the admissible values of t (respectively, 
a;) are not specified is assumed to hold for all t > or t > 0, depending on the context 
(respectively, all x £ S 1 ). 

The brackets {•} stand for averaging in time over an interval [Tj, T2], where Ti, T2 only 
depend on / and D (see (4.111 for their definition.) 

We use the notation g~ = max(— <?,0) and g + = max(g,0). 



3. Formulation of the Main Results 

In Section [4j we prove sharp upper and lower bounds for some Sobolev norms of u. 
The key estimate is obtained in Lemma |4~T| we show there that 



u x (t, x) < min(D, a^r 1 ). (3.1) 



The main results for Sobolev norms of solutions are summed up in Theorem |4.7| Namely, 
for to > we have 

({K*)C,oo}) 1/am ~ " -ro . «>0, (3-2) 

where {•} denotes averaging in time over the interval \Ti,T2\ defined by (4.11). 

In Section[5]we obtain sharp estimates for analogues of the quantities characterising the 
hydrodynamical turbulence. In what follows, we assume that v 6 (0, vq], where vq £ (0, 1] 
only depends on / and D. 

To begin with, we define the non-empty and non-intersecting intervals 

J\ = (0, J 2 = (Cii/, C 2 }; J 3 = (C 2 , 1] 
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Dissipation range 



In ertial range 



Energy range 



Cv C ' 

Figure 2. Scales for the ID Burgers solutions 



corresponding to the dissipation range, the inertial range, and the energy range from the 
Kolmogorov 1941 theory of turbulence, respectively: see Frisch ([1995). Then we consider 

the averaged moments of increments in space for the flow u(t,x): 



S p (£) 




u(t, x + l)- u(t, x)\ p dx }, 0<£<1. 



The quantity S p (£) is (up to averaging) the structure function of p-th order. As a conse- 
quence of ( |3.1|3.2[ ), in Theorem pT9] we prove that for £ G J\ : 



S p (£) 



£ v , <p< 1. 

Pv-^-V, p> 1, 



S p (£) 



and for £ e J 2 : 

' £ p , 0<p<l. 
J,P>1. 

Consequently, for £ £ J 2 the flatness satisfies: 

F{£) := St(£)/S$(t) ~ r 1 . 

Thus, u is highly intermittent in the inertial range. This intermittency is due to the 
particular structure of the solution, where the excited zones correspond to the cliffs: cf. 



Frisch ( 1995 ) for a discussion of intermittency for hydrodynamical turbulent flows. 



Finally, we get estimates for the spectral asymptotics of Burgulence. On one hand, as 
a consequence of Lemma [4~3l for m > 1 we get: 

m rn 

{|^l 2 }<fe- 2m IHI^<(^)- 2m ^. 

In particular, {|u/j| 2 } decreases at a faster-than-algebraic rate for |fc| y v~ l . On the other 
hand, by Theorem 



5.11 



for k such that k 1 € Ji the energy spectrum E(k) satisfies 



E(k) 



E 



\n\G[M~ 1 k,Mk] \ u n\ 



Eln 



\n\e[M~ 1 k,Mk] 



1 



where M > 1 is a constant depending only on / and D. 

Finally, we note that estimates for small-scale quantities still hold in the inviscid limit 
v — » 0, up to some natural modifications (see Section [6]). 



4. Preliminary estimates 

We begin by proving a key upper estimate for u x . 

Lemma 4.1. We have 

Ux(t,x) < min(Z), cr -1 ^ 1 ). 



Proof. Differentiating the equation (1.2 1 once in space we get 

(u x ) t + f"(u)u 2 x + f'(u)(u x ) x = v(u x ) xx . 

Now consider a strictly positive point of maximum (ti,xi) for u x on the cylinder S = 
[Q f t] x S 1 , such that t\ > 0. At such a point, we would have (u x ) t > 0, (u x ) x = 0, and 
{u x )xx < 0. Consequently, by (1.3) we get 

aul < f"(u)u 2 x < 0, 

which is impossible. Thus u x can only reach a strictly positive maximum on S for t\ = 0. 
In other words, we have 

u x (t, x) < max (uq) x (x) < D. 

The inequality 

u x (t, x) < (T _1 i _1 

is proved in by a similar maximum principle argument applied to the function tu x : cf. 



Kruzhkov (1964). □ 



Since the space averages of u(t) and u x (t) vanish, we get the following upper estimates: 

l«(*)l P < K*)l«, < / u+^^minCA^" 1 *" 1 ), l<P<+oo, (4.1) 
Js 1 

\u(t)\ 11 =2 I u+(t) < 2mm(D,a- 1 t- 1 ). (4.2) 
Js 1 

Now we recall a standard estimate for the nonlinearity M m \ (f (v))^ m+1 '\ . For its 
proof, we refer to Boritchev ( 20126[ ). 

Lemma 4.2. For v e C°° such that \v\ x < A, we have 

(v {m \(f(v)) {m+1) )\<C\\v\\ m \\v\\ m+1 , m>l, 

where C depends only on m, A, and \ f\c"^[~A A])- 

The following result shows that there is a strong nonlinear damping which prevents 
the successive derivatives of u from becoming too large. 

Lemma 4.3. We have 

IK*)!^"- 1 . 

On the other hand, for m > 2, 

\\u{t)\\lJ<Tn^{ V -^\t-^-^). 

Proof. Fix m > 1. Denote 

x(t) = \\u{t)f m . 
We claim that the following implication holds: 

x{t) > C'y- {2m -^ =^ jx{t) < -(2m - l)x(t) 2m ^ 2m -^, (4.3) 

where C is a fixed strictly positive number, chosen later. Below, all constants denoted 
by C do not depend on C . 



Indeed, assume that x(t) > C'v ( 2m 1 >. Integrating by parts in space and using (4.1 ) 
(p = oo) and Lemma |4.2| we get the following energy dissipation relation: 

d_ 
dt" 



-x(t) = -2u \\u(t)f m+1 - 2 (^(t), 



<-2v\\u(t)f m+1 +C\\u(t)\\ m \Ht)\\ 



m+l 



Applying Lemma 2.1 to u x and then using (4.2), we get 

ii^)iL<^ik(*)iiSr 1)/(2m+1) i^wi?f ro+1) 

<C\\u(t)\\^ 1)/{2m+1) . 

Thus, we have the relation 

±x® <(-2Hi^)tfr +1) +c)iiu(t)ii^ 2m+i ) 



The inequality (4.5) yields 

||u(t)|| ^m + l)> c , a . (t)1 / (am -l) ) 

and then since by assumption x(t) > C , V _ ( 2to ~ 1 J we get 

IKi)ffi ro+1) > cc'W™-v v -\ 

Combining the inequalities ( 4.6|4.8 1, for C large enough we get 

-x(t) < („cC 1 /( 2m - 1 ) +C)x{tf m '^ m - 1 \ 
dt 



(4.4) 

(4.5) 
(4.6) 
(4.7) 
(4.8) 



Thus we can choose C in such a way that the implication (4.3) holds. 



For m = 1, (2.2) and ( |4.3[ ) immediately yield that 

x(t) < max(CV" 1 ,L> 2 ) < max(C", D 2 )^ 1 , t > 0. 

Now consider the case m > 2. We claim that 

x(t) < max(CV-( 2m - 1 ',<-( 2m - 1 )). (4.9) 

Indeed, if x(s) < C'v~( 2m ~ is> for some s € [0,t], then the assertion (4.3) ensures that 
x(s) remains below this threshold up to time t. 

Now, assume that x(s) > C'v-^ m -^ for all s e [0,t\. Denote 

2(a) = {x{s))- 1 ' {2rn - 1 \ s G [0,i]. 

By (jOJ) we get dx{s)/ds > 1. Therefore 2(t) > i, and x(t) < ^-( 2 ™-i). Thus in this case, 
inequality (4.9) still holds. This proves the lemma's assertion. □ 



By Lemma 2.1 applied to u^™ 1 ' we get the following inequality for m > 1: 



l«(*)l, 



< 



Ht)\\T \Ht)tJXx <max(^ m ,t— ). 



Now we define 



1 



(\t x , 2D*-* 



(4.10) 



(4.11) 



T2 = max 

where C is a constant such that for all t, \\u(t)\\1 < Cv~ x (see Lemma 4.3). From now 
on, for any function A(t), {A(t)} is by definition the time average 



{A(t)} 



1 



1 JTi 



A(t). 



The first quantity that we estimate from below is {||u(t)||J}- 
Lemma 4.4. We have 

{IKOH?}^" 1 - 

Proof. Integrating by parts in space, we get the dissipation identity 



(It 



(-2uf{u)u x + 2vuu xx 



-2«/||«(*)||? 



Thus, integrating in time and using (2.1 ) and Lemma 4.3 we obtain that 



KTOI 2 = K| 2 - 2v r \\u{t)\\\ > D~ 2 - 2T X C > Id- 
Jo 1 



Consequently, integrating (4.12) in time and using (|4.l[) (p = 2) we get 



{||«(*)ll?} 



1 



> 



2v(T 2 - Ti 

— (1. 

2v{T 2 -T 1 )\2 

D- 2 



(|<T0| 2 -KT 2 )| 2 ) 



-D~ 



2 rri — 2 



(4.12) 



> —, ^ 

~ 8(T 2 - Ti) 

which proves the lemma's assertion. □ 

This time-averaged lower bound yields similar bounds for other Sobolev norms. 

Lemma 4.5. For m>l, 

{\\u(t)\\ 2 m }>v- {2m - 1] - 
Proof. Since the case m = 1 has been treated in the previous lemma, we may assume 



that m > 2. By (4.2) and Lemma 2.1 we have 



{IK*)lD I {\\<t)\t l«(*)lft"~ 4) } > {\Ht)\\\ m - 2 }. 

Thus, using Holder's inequality and Lemma [4T4[ we get: 

m m m 

{\Ht)\\ 2 m } > {\Ht)\\r } > {\Ht)fi} {2m - 1] > ^- (2m - i) . □ 



The following lemma is proved similarly. 
Lemma 4.6. For m > 0, we have: 

m 

The following theorem sums up the results of this section which will be used later, 
with the exception of Lemma |4.1| 



Theorem 4.7. For m > 0, we have: 



l/c 



a > 0, 



(4.13) 
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where {•} denotes time-averaging over [Ti, T 2 ]. TTie upper estimates in (4-13) hold without 
time-averaging, uniformly for t separated from 0. Namely, we have 

rn 

\u(t)\ moc <m&x(v- m ,t- m ). 
On the other hand, the lower estimates hold for all m,a. 



Proof. Upper estimates follow from the inequality (4.10). Lower estimates for a > 2 
follow from Lemma |4.6| by Holder's inequality. Finally, we obtain lower estimates for 
a G (0, 2) using lower estimates for a = 2, upper estimates for a = 3, and Holder's 
inequality. Indeed: 

' . □ 



{KCoJ > ({KCoj) ~ Q ( {|u(i)| Lj) 



5. Estimates for Small-Scale Quantities 

In this section, we study analogues of quantities which are important for the study 
of hydrodynamical turbulence. We consider quantities in physical space (structure func- 
tions, flatness) as well as in Fourier space (energy spectrum). We assume that v < vq. 
The value of vq > will be chosen in (5.10). 

We define the intervals 

J\ = (0, Cii/]; J 2 = (di/, C 2 ]; J 3 = (C 2 , 1]. 

The strictly positive constants C\ and C2 will be chosen in ( 5.9||5.10 ) in such a manner 
that C\Vq < C2 < 1, which ensures that are non-empty and non- intersecting. 



We observe that \\u\ 2 } > 1, 
4.4|. Thus, by Theorem|4.7[ we 



since \u\ 2 > D~ 2 /4 on [T 1 ,3T 1 /2] (see proof of Lemma 
obtain that {|w| 2 } ~ 1. On the other hand, by (4.2) (after 



integration by parts) we get 
{\u n \ 2 } = (2^)- 2 { 



S 1 



e 2mnx u x (x) 



'')<{2^n)- 2 {\u\l 1 }<Cn- 2 , (5.1) 




and Ci and C2 can be made as small as desired (cf. (5.11 )). Consequently, the proportion 
of the sum |w n | 2 } contained in Fourier modes corresponding to J3 can be made as 
large as desired. For instance, we may assume that 



For p > 0, we set: 



This quantity corresponds (up to averaging) to the structure function of p-th order. The 
flatness F(£), which measures spatial intermittency, is given by 



S P {£) = {j \u(t,x + l)-u(t,x)\ p dxY 



F(£) = S 4 (£)/S 2 2 (£), 



(5.2) 



see 



Frisch (1995). Finally, for k > 1, we define the (layer- averaged) energy spectrum by 

2 



E(k) 



\n\^[M- 1 k,Mk] 



Sin 



\n\e[M~ 1 k,Mk] 



1 



(5.3) 
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where M > 1 is a constant which will be specified later (see the proof of Theorem 5.11 ). 
We begin by estimating the functions S p (£) from above. 

Lemma 5.1. Forie [0,1], 

v [t p , 0<p< 1. 
P j^i/-**- 1 ), p > 1. 

Proof. We begin by considering the case p > 1. We have 
S p (£) = {J \u(x + £)- u(x)\ p dx} 

<{(J \u(x + £) - u(x)\dx) (max\u(x + £) - uix)]^ 1 ^)}. 

Using the fact that the space average of u(x + £) — u(x) vanishes and Holder's inequality, 
we obtain that 

■ Pi l/P f ~| (?-l)/P 



(u(x + I) - u(x)) + dxj | x ^ma,x\u(x + £) - u(x)\ p } 
(p-i)/p 



<C£{max\u(x + £) - u(x)\ p } , (5.4) 



where the second inequality follows from Lemma |4.1| Finally, by Theorem |4.7| we get 

S P {£) < C£[(£\n\ l!0o yj < CPv-b-V. 

The case p < 1 follows immediately from the case p = 1 since now S p (£) < (Si(£)) p , by 
Holder's inequality. □ 

For £ £ J2 U J3, we have a better upper bound if p > 1. 

Lemma 5.2. For £ e J 2 U J3, 



£ p , < p < 1. 
i,P>l. 



S P (£) < 

Proof. The calculations are almost the same as in the previous lemma. The only 
difference is that we use another bound for the right-hand side of (5.4). Namely, by 
Theorem 1471 we have 



S P {£) < C£{ max \u(x + £) - w(x)| p } 



(p-i)/p 



r ~i (p-i)/p 

<C^|(2H 0O )f] <C£.D 



Remark 5.3. The Lemmas 5.1 and \5.2\ actually hold even if we drop the time- 
averaging, since in deriving them we only use upper estimates which hold uniformly for 
t>T x . 

To prove the lower estimates for S p (£) , we need a lemma. Loosely speaking, this lemma 
states that there exists a large enough set Lk C pi , T2] such that for t € Lk , several 
Sobolev norms are of the same order as their time averages. Thus, for t € Lk, we can 
prove the existence of a "cliff" of height at least C and width at least Cv, using some of 
the arguments in lAurell, Frisch, Lutsko & Vergassolal (119921) which we explained in the 
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introduction. 

Note that in the following definition, ( 5.5|5.G ) contain lower and upper estimates, while 



(5.7) only contains an upper estimate. The inequality |it(f)|oo < maxu^ft) in (5.5) always 



holds, since u(t) has zero mean value and the length of S 1 is 1. 

Definition 5.4. For K > 1, we denote by L K the set of all t G [Ti,T 2 ] such that the 
assumptions 



R- 1 < K^loo < maxu x (t) < K 
K- X v- X < |u(t)|i l00 < Kv- 1 

|«(t)|2,oo < Kv' 2 



(5.5) 
(5.6) 
(5.7) 



hold. 



Lemma 5.5. There exist constants C,K\ > such that for K > K\, the Lebesgue 
measure of Lk verifies X(Lk) > C. 



Proof. We begin by noting that if K < K' , then Lk C Lk'- By Lemma 4.1 and 
Theorem 4.7 for K large enough the upper estimates in ( 5.5||5.7 | hold for all t. Therefore, 
if we denote by Bk the set of t such that 



"The lower estimates in ( 5.5|5.6 1 hold for a given value of K" , 



then it suffices to prove the lemma's statement with Bk in place of Lk- Now denote by 
Dk the set of t such that 



"The lower estimate in (5.6) holds for a given value of K y 
By Lemma pO] we have 



> C\\ 



Thus, if Dk holds, then Bk 1 holds for K' large enough. Now it remains to show that 
there exists C > such that for K large enough, we have the inequality X(Dk) > C. We 
clearly have 

{|u|i,ool(Mi,oo < K^v- 1 )} < K- x v-\ 
Here, 1(A) denotes the indicato r fun ction of an event A. On the other hand, by the 
estimate for {\u\1 in Theorem 



4.7 



we get 



{|u|i,ool(Mi,oo > Kv- 1 )} < ^-^{lul?^} < CK- X V - X 
Now denote by / the function 

/ = \u\ x ^\{K^v- x < \u\ lt00 < K v- V ). 



The inequalities above and the lower estimate for {|u|i !QO } in Theorem 4.7 imply that 

{/} >(C- K^ 1 - CK^)v- x > C v-\ 
for some suitable constants Co and Kq. Since / < Kov~ x , then we get 

Hf > C u- l /2) > C K^(T 2 - TO/2. 
Thus, since |it|i )0O ^ f, w e have the inequality 

A(Mi,oc > Cqv- 1 /!) > C K^(T 2 - TO/2, 
which implies existence of C, Ki > such that A > C for K > K\. □ 
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Let us denote by Ok C [Ti,T2] the set defined as Lk, but with relation (5.6) replaced 



by 

K~ y v~ l < -minu^ < Kv~ x . (5. 

Corollary 5.6. For K > K\ and v < K± 2 , we have \{Ok) > C. 
Proof. For K = K\ and v < K^ 2 , the estimates ( 5.5|5.6 ) tell us that 



maxu x (t) < Ki < K 1 1 v 1 < |u s (t)|oo, t e L K . 



Thus, in this case the assertion of Lemma |5.5| with (5.6) replaced by (5.8) holds for the 
set Ok = Lk ■ Since increasing K while keeping v constant increases the measure of Ok , 
for K > Ki and v < iff 2 we still have X(O k ) > C. □ 

Now we fix 

K = K U (5.9) 

and choose 

^ = \k- 2 - d = \k- 2 - C 2 = ^K~\ (5.10) 

In particular, we have < G\Vq < C% < 1: thus the intervals Ji are non-empty and 
non-intersecting for all v € (0, vq]. Everywhere below the constants depend on K. 
Actually we can choose any values of C\,C2, and i/q, provided 

Cx<-K- 2 - 5K 2 <^<-. (5.11) 
4 C 2 vq 



Lemma 5.7. For £ e J\. 



v (l p , 0<p< 1. 
P 1 Pv-t*-*), p>l. 



Proof. By Corollary |5.6| it suffices to prove that the inequalities hold uniformly in t 
for t G Ok, with S p (t) replaced by 

\u(x + £) -u(x)\ p dx. 

s 1 

Till the end of this proof, we assume that t <E Ok- 

Denote by z the leftmost point on S 1 (considered as [0, 1)) such that u'(z) < —K~ 1 v~ 1 . 
Since |u|2,oo < Kv~ 2 , we have 

u'(y) < —K' 1 ^ 1 , yt[z- l -K- 2 v,z+ l -K- 2 v]. (5.12) 



In other words, the interval 



\z- -R- 2 v,z+ -K~ 2 v\ 
1 2 ' 2 J 



corresponds to (a part of) a cliff. 



14 



Case p > 1. Since I < C\v = \K 2 v, then by Holder's inequality we get 



S 1 



\u(x + £)-u(x)\ p dx> I \u(x + £) -u{x)\ p dx 



> 



(K- 2 is/2) 1 - p ( 



z+±K~ 2 v 



i(x +£) — u(x)\dx\ 



C( P y- p { I ( / -u'(y)dy)dx) 



v J X 



> C(p)i/ 1_I, ( / -IK- X v~ x dx) =C(p)v x - p t p . 



Case p < 1. By Holder's inequality we obtain that 

\u{x + l)-u(x)\ p dx> J ({u{x + I) - u(x))+y c 

n ((u(x + 1) ~ u{x)) + y d x y 1 ( ( {u{x+£) - u (x)) + d x y p . 



dx 



Using the upper estimate in (5.5) we get 



\u(x + £) -u{x)\ p dx 



s 1 

>(J £ 2 K 2 dx 



P U {u{x + £) - u(x))+dx) 



2-P 



Since J gl (u(- + £) — u(-)) = 0, we obtain that 



\u{x + £) -u{x)\ p dx 



yCipjl 2 ^- 1 ^ j \u(x + £) - u(x)\d x y P >C(p)£ p . 



The last inequality follows from the case p = 1. □ 

The proof of the following lemma uses an argument from Aurell, Frisch, Lutsko & 



Vergassola| ( |1992[ ), which becomes quantitative if we restrict ourselves to the set Ok- 
Lemma 5.8. For m > and £ e J 2 , 

, 0<p < 1. 



S p (£) 



> 



p > 1. 



Proof. In the same way as above, it suffices to prove that the inequalities hold uni- 
formly in t for t G Ok, with S p (£) replaced by 



\u(x + £) - u(x)\ p dx, 



and we can restrict ourselves to the case p > 1. Again, till the end of this proof, we 
assume that t g Ok- 



15 



Defining z as in the proof of Lemma |5.7[ we have 
\u{x + £)-u(x)\ p dx> 



u (y)dy 



u + (y)dy 



dx. 



Since £ > C\v = \K 2 v, then by (5.12| for x G [z — \l,z] we get 



x+l 



u {y)dy > 



z+\K~ 2 v 



u'-{y)dy>-K-\ 



On the other hand, since I < C2, then by (5.5) and (5.10) we have 

rx+i 



Thus, 



u' + ( y )dy<C 2 K=^K- 3 . 



i \u(x +£)- u(x)\Pdx > hti (1 - ^)k~ 3 \ > C(p)£. □ 



Summing up the results above we obtain the following theorem. 
Theorem 5.9. For £ G J\, 

' £ p , 0< P <1. 



S p (£) 



On the other hand, for £ £ J2, 



S p {£) 



£Pv-(p- 1 \ p>l. 



£ p , < p < 1. 
i, P> 1. 



The following result follows immediately from the definition (5.2) 



Corollary 5.10. For £ G J2, the flatness satisfies F(£) ~ i 1 . 

It remains to prove that, as long as |fc| remains in a certain range, after layer-averaging, 
we have {|wfc| 2 } ~ |fc|~ 2 - For this, we use a version of the Wiener-Khinchin theorem, 
stating that for any function v G L2 one has 



\v{- + y) - v{-)\ 2 = 4 Vsin 2 (7rm/)|{)„| 



(5.13) 



Theorem 5.11. For k such that k 1 G J2, we Ziaue ~ fc 2 . 
Proof. We recall that by definition ( |5.3[ ), 

£(fc) 



Sin 



InlelM-i/c.M/c] I ""I 



Sin 



InlelM-ife.Mfe] 



1 
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Therefore proving the assertion of the theorem is the same as proving that 

E n 2 {\u n \ 2 }~k. 
\n\e[M- 1 k,Mk] 



(5.14) 



The upper estimate holds without averaging over n such that \n\ € [M~ 1 k,Mk]. Indeed, 
by (5.1 1 we know that 

{\u n \ 2 }<Cn- 2 , 
which proves the upper bound. Also, this inequality implies that 

E n 2 {\u n \ 2 } < CM- Y k (5.15) 

\n\<M- 1 k 

and 

E {\u n \ 2 } < CM- l k-\ (5.16) 

\n\>Mk 

To prove the lower bound we note that 

E ™ 2 {K! 2 }>4 E sin^vrnfc- 1 )!!^! 2 } 



\n\<Mk 



\n\<Mk 



^(E^Vi* -1 )^! 2 }- E {i"«i 2 } 

n£Z \n\>Mk 

Using (5.13) and ( |5.16 ) we get 

E n 2 {K\ 2 } > ^ ({R + fc- 1 ) - u(-)| 2 } - CM-'k- 1 ) 
k 2 



CM~ k 



lu-1 



\n\<Mk 

Finally, using Theorem |5.9| we obtain that 

E ™ 2 {M 2 }> (C-CM-^k 

\n\<Mk 



Now we use (5.15) and we choose M > 1 large enough to obtain (5.14). □ 



6. Estimates for Small-Scale Quantities in the Inviscid Limit 



It is a well-known fact (see for instance Kreiss & Lorenz (1989)) that as v tends 



to 0, the solutions of (1.2) converge to weak entropy solutions of the inviscid equation 
u t + /' ' { u )u x = 0, for fixed t. The convergence takes place for almost every x, and there- 
fore also in L\, since solutions are uniformly bounded for all v. 

Those solutions, denoted u°, inherit all previously proved properties which hold uni- 



formly for small enough v for solutions of (1.2). 



To begin with, we define the non-empty and non-intersecting intervals 

J 2 = (0, C 2 ); J 3 = (C* 2 , 1], 



which now correspond to the inertial range and the energy range, respectively: the inviscid 
Burgers equation does not have a dissipation range, since formally there is no damping 
term. The constant C 2 is the same as above. 
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Then wc define S®, F° and E° for solutions u°(t, x) in the same way as the previously 
considered quantities S p , F and E for solutions of the viscous equation. By the dominated 
convergence theorem, we obtain the following results: 

n, x v i £P > 0<p<l. 

Theorem 6.1. For I e J 2 , S°{£) ~ { ~ 

ye, p > 1. 

Corollary 6.2. For £ g J2, £fte flatness satisfies F°(£) <~ fr 1 . 
Theorem 6.3. For k such that k^ 1 g J 2 , we have E°(k) — fc~ 2 . 
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